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In this paper we report typical calculations of the variations in the deformation energy, inter- 
action energy and orientational pattern of + 1, - I ,  +$ and -* singularities in the neighbour- 
hood of a nematic-srnectic transition in CBOOA. We find the interaction between +f and -$  
singularities to increase much more rapidly than that between + 1 and - 1 as the smectic point 
is reached, indicating that the former have a greater probability of annihilating each other 
near the transition. 

I NTRO D U CTlON 

I t  is well known that near a nematic-smectic phase transition the bend and 
the twist elastic constants of the nematic phase diverge rapidly, with the 
smectic phase accommodating only splay deformations.’ Such an increase 
in elastic constants should affect to a considerable degree the structure and 
properties of the disclinations of the nematic phase. In this paper we report 
calculations of the variation of self energy (excluding the core), interaction 
energy and orientation patterns for + 1, - 1, ++ and -3 singularities for a 
typical system (CBOOA). As is to be expected, it is found that the self energy 
of a - 1 (or +f) disclination increases very rapidly as compared with that of 
a -F 1 (or -+) singularity. Additionally also it turns out that the interaction 
between +f and -+ increases much more rapidly than that between +1 
and - 1, indicating that unlike half singularities have a greater possibility 
of annihilating one another. 

THEORY 

We consider only the schlieren texture. The director is assumed to be in the 
XY plane making an angle of 4 with respect to X: n = (cos 4, sin 4,O). The 
elastic deformation energy density is 

F ,  = f [ K , , ( V .  n)’ + K,,(n. V x n)* + K,,(n x V x n)’] (1) 
[669] / 311 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
35

 2
3 

Fe
br

ua
ry

 2
01

3 



312 / [670] U. D. KIN1 AND G. S. RANGANATH 

with K , , ,  K,, and K 3 ,  as the splay, twist and bend elastic constants re- 
spectively. 

The equation of equilibrium (in cylindrical polars) obtained by minimising 
F ,  is2 

Here K = % K l l  + K 3 3 )  and E = ( K 3 3  - K,l)/(K33 + KIJ .  We seek solu- 
tions which are independent of r. For this we set all the derivatives of r and 
sum of all the coefficients of r of the same power to zero. Then (2) becomes 

When K I 1  = K 3 3 ,  i.e., E = 0, we find 

- = 0  a24 
aci2 

or 
4 = su + c (s = *-$ integer) 

= s tan-' + c. 
X 

(4) 

These solutions describe the familiar structures of Frank-Oseen singularities. 
The properties of such singularities have been studied in detail by Frank3 
and Nehring and Saupe.' 

When E # 0 the only exact solutions are 4 = a, a i- n/2 and 2ct + c (i.e., 
s = 1 or 2). Singularities with s = 2 have not been found to occur commonly 
and will not be discussed here. For general values of s, Eq. (3) has to be solved 
at every value of E. This has been done numerically using the orthogonal 
collocation m e t h ~ d . ~  

For a given value of s when E = 0 we have 4 = sci + c with ci = 0 and 2n 
as boundary conditions. We start with these as the approximate solutions 
and proceed to solve Eq. (3) when E # 0. The solution so obtained describes 
a singularity at r = 0. Since this solution goes over to the neat solution Eq. 
( 5 )  when E + 0, we shall continue to call s defined by Eq. ( 5 )  to be the strength 
of the disclination even when E # 0. 
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SINGULARITIES I N  NEMATICS [671] / 313 

When more than one singularity is present, we solve locally the equilib- 
rium equation for each singularity and then add the solutions due to the 
others to obtain the orientation at any point. This superposition principle is 
strictly valid for E = 0 and completely fails for E = 1 (the maximum value 
of E) .  Therefore the superposed solution is very good at smaller values of E 

and is only approximate at higher values of E.  

In principle, the core energy may also depend on E, but we ignore it in these 
calculations as we do  not have a precise knowledge of its structure. 

R ES U LTS 

Calculations have been made for a 50 pm x 50 pm sample of unit thickness 
and with singularities of strengths +s and - s  (both with c = 0) placed 
symmetrically about the centre on a line running (through the centre) parallel 
to one of its edges. The distance between the two singularities was never 
allowed to exceed 10 pm or fall below 2.5 pm, and the core region was taken 
to be 0.5 pm x 0.5 pm. We have used the data of Cheung et u1.l on the 
elastic constant variation of CBOOA. 

The deformation energy (per unit thickness) of a singularity is given by 
W, = W + W, with 

i a J 2  +a12 

w = j-a,* j-a,2 F d x ,  Y)dX dY (6) 

(a = edge length) 

and W, being the energy corresponding to the core. As mentioned earlier, 
in the absence of detailed knowledge of the core structure this quantity 
cannot be calculated. When more than one singularity is present, a similar 
expression holds for W, with this difference that Fo is calculated from the 
orientation obtained from the superposition principle and W, includes the 
core energies of all the singularities. We define the interaction energy WNT 
between + s  and --s singularities by (neglecting the core contribution) 

= W(+s) + W ( - s )  - W(+s, -s). (7) 

Here W(s) and W (  -s) are values of W as given by Eq. (6) for + s  at d/2 and 
- s at - d/2 singularities respectively and W( + s, - s) is the value of W when 
both the singularities are present. 

In Figure 1 we give W as a function of E for + 1, - 1, + and -f singulari- 
ties. (The individual energies varied very little when the singularity was 
moved from d/2 = 5 pm to d/2 = 0.) For s = + 1 and s = -+, W does not 
change much with E.  This is so because a structure with a predominantly 
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I I I 
0 2  0 4  0.6 

E 

FIGURE 1 
of E .  

Deformation energies of (a) - 1, (b) f, (c) 1 and (d) -$ singularities as functions 

splay deformation (involving K l l )  will not be much affected. On the other 
hand s = - 1 or s = 4 singularities involve a considerable amount of bend 
when E = 0 and hence show large increase in their energies as E increases. 

Figure 2 gives W N T  for a pair of unlike (+ 1, - 1)  and (++, -3) singulari- 
ties, as a function of E for a few values ofd, the distance between the singulari- 
ties. It is seen that the interaction energy increases with E. Figure 3 gives 
dependence of WIN, on d for a given value of E. From these two figures it 
will be clear that with increase of E unlike singularities prefer to come closer 
together. However, what is more interesting is that the WNT for (+ 1, - 1) 
and (+*, -$) do not increase at the same rate with E .  This fact is illustrated 
in Figure 4. For any given value of d we find that the ratio 

w N T ( +  1, - l)  F =  w d  + $, -4) 
decreases with E ,  implying that unlike singularities of half strength have a 
greater chance of annihilating one another than those of unit strength. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
35

 2
3 

Fe
br

ua
ry

 2
01

3 



SINGULARITIES IN NEMATICS [673] / 315 

10 

- 
' 5  
m L 

0)  - 
0 
0 

5 5  
3 

X 

c 
I 

I 

[ + I . - I ]  

r5 

I I l y  
0 2  0 4 0.6 

E 

[+' ,-'I 
2 2  

I I I 
0 2  04 0 6  

E 

F I G U R E  2 
functions of E .  Distances between singularities 2.5 pm, 5 pm and 10 pm. 

Interaction energies between 1 and - 1 and that between $and -$singularities as 
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FIGURE 3 
(dashed line) as functions of d, the distance between the singularities. E = 0.2424. 

Interaction energy between 1 and -1  (full line) and that between and -$ 
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FIGURE 4 The variation of F the ratio of interaction energies between (1, - 1)  and (4, -$) 
with E .  The calculations have been presented for d = 10 pm. 

In Figure 5 we give the orientation of the director as a function of E at few 
collocation points. Orientation varies monotonically with E, emphasizing 
the fact that any change in the schlieren texture will be gradual. 
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FIGURE 5 
(A) 1, and (B) - 1, - f singularities. 

Director orientation 4 as a function of E at the 13th and 19th collocation points for 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
35

 2
3 

Fe
br

ua
ry

 2
01

3 



SINGULARITIES I N  NEMATICS [675] / 317 

Acknowledgements 

Our thanks are due to Professor S .  Chandrasekhar for the many useful discussions we had 
with him. 

References 

1. L. Cheung, R.  B. Meyer, and H. Gruler, Phys. Rev. Lett., 31,  349 (1973). 
2. J .  Nehring and A. Saupe, J .  Chem. Soc., Faraduy Trans. 11.68, 1 (1972). 
3. F. C. Frank, Disc. Faraday Soc., 25, 19 (1958): 
4. B. A. Finlayson, The Merhod of Weighted Residuals and Variational Principles, Academic 

Press, New York (1972), Chapter 5. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

5:
35

 2
3 

Fe
br

ua
ry

 2
01

3 


